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1. INTRODUCTION
Suppose that G is a nite group. In this note, we show that a local
condition about Sylow normalizers is equivalent to a global condition on
the degrees of certain irreducible Brauer characters of G.
Theorem A. Let G be a nite p; q-solvable group, and let Q ∈ SylqG
and P ∈ SylpG. Then every irreducible p-Brauer character of G of q′-
degree has p′-degree if and only if NGQ is contained in some G-conjugate
of NGP.
Theorem A needs a solvability hypothesis. If p = 7, then the irre-
ducible p-Brauer characters of the group G = PSL2; 27 have degrees
1; 13; 26; 28. If we set q = 2, then each q′-degree is also a p′-degree.
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However, if Q ∈ SylqG and P ∈ SylpG, we have that NGQ = 12 and
NGP = 28. For the other direction, we let G =M11. If q = 2 and p = 3,
there exist Q ∈ Syl2G and P ∈ Syl3G such that Q = NGQ ⊆ NGP.
However, G has a p-Brauer irreducible character of degree 45 which is of
q′-degree and divisible by p. (For checking the Brauer character degrees,
we have used [3].)
In [7], T. Wolf and the second author proved, with the same hypothesis,
that every irreducible ordinary character of G of q′-degree has p′-degree
if and only if NGQ is contained in some NGP with CP ′ Q = 1. Note
that the hypothesis in our Theorem A here are weaker by the FongSwan
theorem. Also, note that Theorem A above has content even when the
prime q does not divide G.
One of the classical problems in character theory is determining which
properties of a nite group can be read off from its character table.
Corollary B. Suppose G is a nite p; q-solvable group, and let Q ∈
SylqG and P ∈ SylpG. Then the condition that NGQ is contained in
some G-conjugate of NGP can be read off from the character table of G.
2. PRELIMINARIES
We start with some easy facts about Sylow normalizers.
(2.1) Lemma. Let G be a nite group, let P ∈ SylpG, let Q ∈ SylqG,
and let N G G. If p and q do not divide G x N, then NGQ ⊆ NGP if
and only if NNQ ⊆ NNP.
Proof. We have that P;Q ⊆ N . Of course, if NGQ ⊆ NGP, then
NNQ ⊆ NNP. Assume now that NNQ ⊆ NNP. We prove that
NGQ ⊆ NGP by three applications of the Frattini argument. First,
G = NNGP = NNGQ. Now, since Q ⊆ NNP G NGP, it follows that
NGP = NNPNGP ∩ NGQ. Therefore
G = NNGQ ∩ NGP:
Hence, G x NGQ ∩ NGP = N x N ∩ NGQ ∩ NGP = N x NNQ.
Since N x NNQ = G x NGQ, we deduce that G x NGQ ∩ NGP =
G x NGQ, and we are done.
(2.2) Lemma. Suppose that P ∈ SylpG and Q ∈ SylqG are such that
PQ = QP . Let L G G and set H = PQL. Then NGQ ⊆ NGP if and only
if NGQL ⊆ NGPL and NHQ ⊆ NHP.
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Proof. One implication is clear. Assume now that NGQL ⊆ NGPL
and NHQ ⊆ NHP and we prove that NGQ ⊆ NGP. Let V = NGH.
Since NGQ ⊆ NGPL = NGPL it follows that NGQ normalizes
PLQ = H. Hence NGQ ⊆ V . Now, H G V , p and q do not divide
V x H, and also we have that NHQ ⊆ NHP. By Lemma 2.1, we have
that NV Q ⊆ NV P. Since NV Q = NGQ, the proof of the lemma is
complete.
(2.3) Lemma. Suppose that G is pi-separable and let H be a Hall pi-
subgroup of G. If P is a Sylow p-subgroup of H, then NHP is a Hall
pi-subgroup of NGP.
Proof. This follows from Proposition 3 of [7].
We are going to use several properties on characters and coprime ac-
tion. If A acts on G, we denote by IrrAG the set of irreducible characters
of G which are xed by A.
(2.4) Lemma. Suppose that A acts coprimely on G. Let B ⊆ A. Then
CGA = CGB if and only if IrrAG = IrrBG.
Proof. This is Lemma 2.2 of [5].
If G is a p-solvable group, we remind the reader that the set IBrG of
irreducible Brauer characters of G is canonically dened. Isaacs proved in
[1] that there exists a canonical subset Bp′ G ⊆ IrrG such that the map
χ 7→ χ0 is a bijection Bp′ G → IBrG (where χ0 denotes the restriction
of χ to the p-regular elements of G). Since every χ ∈ Bp′ G is a canonical
lifting of ϕ = χ0 ∈ IBrG, we have that χ and ϕ uniquely determine each
other. In particular, if A acts on G, then ϕ is A-invariant if and only if χ
is A-invariant.
(2.5) Lemma. Suppose that G is a p-solvable group. Assume that G =
KH, L = K ∩H, where K;L G G and G x K; K x L = 1.
(a) If θ ∈ IBrK is H-invariant, then θL has an H-invariant irre-
ducible constituent and all of them are C-conjugate, where C/L = CK/LH.
(b) If τ ∈ IBrL is H-invariant, then τK has some H-invariant irre-
ducible constituent.
Proof. First we prove part (a). We have that H/L acts coprimely on
K/L. Both of these groups act on the set  of irreducible constituents of
θL. By Clifford’s theorem for Brauer characters, K/L also acts transitively
on . Now, part (a) easily follows from Glauberman’s Lemma (Lemmas
13.8 and 13.9 of [2]).
To prove part (b), we argue by induction on K x L. It is clear, using
induction, that we may assume that K/L is a chief factor of G. Also, using
induction and the Clifford correspondence for Brauer characters (Theorem
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8.9 of [6]), we may assume that τ is G-invariant. If K/L is a p-group, then
IBrK  τ = θ by Theorem 8.11 of [6], and the lemma is certainly true in
this case. So we may assume that K/L is a p′-group. Now, let ψ ∈ Bp′ L
be the Isaacs canonical lifting of τ. By uniqueness, we have that ψ is G-
invariant. Now, by Theorem 13.31 of [2], there exists some H-invariant
η ∈ IrrK lying over ψ. Since K/L is a p′-group, by Theorem 7.1 of [1]
we have that η ∈ Bp′ K. Hence θ = η0 ∈ IBrK is H-invariant and lies
over τ.
Next is a key fact in this paper.
(2.6) Theorem. Suppose that G is p-solvable. Let q 6= p be a prime.
If q divides ϕ1 for all nonlinear ϕ ∈ IBrG, then G has a normal q-
complement.
Proof. This was proven in [4].
3. MAIN RESULTS
The strategy for proving our Theorem A was inspired by [7]. (The main
difference here is that we do not use the McKay conjecture" type of argu-
ment applied in [7] but our Theorem 3.3 below.) We x a prime p, and for
every p-solvable group G we consider IBrG to be the set of irreducible
Brauer characters of G.
(3.1) Lemma. Suppose that G = PQ, where P ∈ SylpG and Q ∈
SylqG. Then every ϕ ∈ IBrG of q′-degree has p′-degree if and only if
P G G.
Proof. Of course, we may assume that p 6= q. If P G G, then every
irreducible Brauer character of G is an ordinary character of the q-group
Q, and therefore it has degree not divisible by p. Now, if every ϕ ∈ IBrG
of q′-degree has p′-degree, then note that every nonlinear ϕ ∈ IBrG has
degree divisible by q (because G is a solvable group and ϕ1 divides G).
By Theorem 2.6, we conclude that P G G, as desired.
(3.2) Theorem. Suppose that G has a normal pi-complement, where pi =
p; q. Let P ∈ SylpG and Q ∈ SylqG be such that PQ = QP . Then every
ϕ ∈ IBrG of q′-degree has p′-degree if and only if NGQ ⊆ NGP.
Proof. Let K be the normal pi-complement of G. Let H = PQ. We
claim that, in either direction, we have that Q normalizes P . This is clear
if we are assuming that NGQ ⊆ NGP. So let us assume the character
degree condition on G. Since H is isomorphic to G/K, note that H also
satises the same character degree condition. Hence, Q normalizes P by
Lemma 3.1, and this proves the claim.
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Now, by Lemma 2.3, we have that NGP = NKPNHP =
CKPNHP = CKPH and NGQ = CKQNHQ. Hence, we have
that NGQ ⊆ NGP if and only if CKQ ⊆ CKP. By Lemma 2.4 ap-
plied to the action of H and Q on K, we know that this happens if and
only if every θ ∈ IrrQK is P-invariant.
We are reduced to proving that every ϕ ∈ IBrG of q′-degree has p′-
degree if and only if every θ ∈ IrrQK is P-invariant.
Assume that every θ ∈ IrrQK is P-invariant. Let ϕ ∈ IBrG of q′-
degree and let θ ∈ IrrK be under ϕ. (Recall that K is a p′-group, so
IBrK = IrrK.) If η ∈ IBrT  is the Clifford correspondent of ϕ over
θ, since ϕ1 is not divisible by q it follows that T contains some Sylow
q-subgroup of G. Hence, replacing θ by some G-conjugate, we may assume
that θ is Q-invariant. Now, by hypothesis, we have that θ is P-invariant.
Therefore, θ extends to G (by Theorem 8.13 of [6], for instance). Let ψ ∈
IBrG be an extension of θ to G. Then ϕ = ψβ, where β ∈ IBrG/K by
Corollary 8.20 of [6]. Now, β has p′-degree (because G/K has a normal
Sylow p-subgroup), ψ1 = θ1 is not divisible by p, and we conclude that
ϕ1 is not divisible by p.
Conversely, assume that every ϕ ∈ IBrG of q′-degree has p′-degree.
Let θ ∈ IrrQK. Let T be the inertia group and let γ ∈ IrrT  be an
extension of θ to T (by Theorem 8.13 of [6]). Now, γG ∈ IBrG has q′-
degree (because Q ⊆ T and γ1 is not divisible by q). By hypothesis, γG
has p′-degree and we conclude that G = T . Hence, θ is P-invariant, as
desired.
With the hypotheses and notation of Theorem 3.2, we have also shown
that NGQ ⊆ NGP if and only if CKQ ⊆ CKP.
(3.3) Theorem. Suppose that G = KH is p-solvable, where K G G, H ⊆
G, K ∩H = L G G, and K x L; G x K = 1. Suppose that L ⊆ J ⊆ H
satises CK/LH = CK/LJ. Assume that K/L is not divisible by p. Let
τ ∈ IBrL and θ ∈ IBrK  τ both be J-invariant. Then IHθ = IHτ and
there is a bijection∗x IBrG  θ → IBrH  τ such that
ϕ1
θ1 =
ϕ∗1
τ1
for ϕ ∈ IBrG  θ.
Proof. We argue by induction on G x L. Write C/L = CK/LH =
CK/LJ.
Suppose rst that θ is H1-invariant, where J ⊆ H1 ⊆ H. Hence, C/L =
CK/LH1. By Lemma 2.5(a), we know that θL has an H1-invariant ir-
reducible constituent τ1 and that all of them are C-conjugate. Also, by
Lemma 2.5(a), we have that the J-invariant irreducible constituents of θL
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are C-conjugate. Since τ1 is J-invariant, we have that τ
c
1 = τ for some c ∈ C.
Hence, we see that τ is H1-invariant. This proves that IHθ ⊆ IHτ.
We let I = IGτ, so that J ⊆ IHθ ⊆ I ∩H, by the previous paragraph.
Let M = KI ∩ H. Note that IGθ = KIHθ = IMθ. If M < G, by
induction we will have that IHθ = IHτ and that there is a bijection∗x IBrM  θ → IBrI ∩H  τ such that
ϕ1
θ1 =
ϕ∗1
τ1
for ϕ ∈ IBrM  θ. Now, since M = IGθ because M ∩ H = I ∩ H =
IHθ, by the Clifford correspondence for Brauer characters we will have
that induction of Brauer characters denes bijections IBrM  θ →
IBrG  θ and IBrI ∩H  τ → IBrH  τ. Since G x M = H x I ∩H,
the theorem easily follows in this case.
So we may assume that M = G or, equivalently, that H ⊆ I. Now,
I ∩K = IKτ = U G I and KI = G. Also,
CU/LH = CK/LH ∩U/L = CK/LJ ∩U/L = CU/LJ;
so the hypotheses of the theorem are satised in I = UH with respect
to L ⊆ J ⊆ H. Now, choose the unique ν ∈ IBrI ∩ K  τ with νK = θ.
Since τ and θ are J-invariant, so is ν. Assume that I < G. By induction
we have that ν (and hence θ) is H-invariant and that there is a bijection
∗x IBrI  ν → IBrH  τ such that
ϕ1
ν1 =
ϕ∗1
τ1
for ϕ ∈ IBrI  ν. Also, by the Clifford correspondence, we have that
character induction is a bijection IBrI  τ → IBrG  τ. We claim that
induction is a bijection IBrI  ν → IBrG  θ. If η ∈ IBrI  ν, then, by
Mackey, we have that ηGK = ηUK contains νK = θ. Since IBrI  ν ⊆
IBrI  τ we have that induction denes an injection IBrI  ν → IBrG 
θ. Now, let ψ ∈ IBrG  θ. Hence, ψ lies over τ and we let ζ ∈ IBrI  τ
be such that ζG = ψ. To prove the claim, it sufces to show ζ ∈ IBrI  ν.
Now, θ is a constituent of ψK = ζGK = ζUK and every constituent of
ζU lies over τ. Now, θ is a constituent of some ρK for some ρ ∈ IBrU  τ
which lies under ζ. But then ρK = θ and ρ = ν by the uniqueness in
the Clifford correspondence. So ζ ∈ IBrI  ν, and this proves the claim.
Furthermore,
ξG1
θ1 =
ξ1
ν1
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for ξ ∈ IBrI  ν. Hence, we easily deduce in this case that there exists a
bijection ∗x IBrG  θ → IBrH  τ such that
ϕ1
θ1 =
ϕ∗1
τ1
for ϕ ∈ IBrG  θ. So we now assume that τ is G-invariant.
By use of a modular character triple isomorphism (Theorem 8.28 of
[6]) we may assume that L is a central p′-subgroup of G. Hence, we have
that K is a normal p′-subgroup of G. Let Z be the Hall pi-subgroup of L
where pi is the set of prime divisors of H x L. Then K = K0 × Z where
K0 is the normal Hall pi ′-subgroup of G. We let L0 = L ∩K0, so that L =
L0 ×Z. Now H = L0 ×A where A is the Hall pi-subgroup of H and we set
B = J ∩A. Set λ = τZ and write θ = θ0 × λ and τ = τ0 × λ for uniquely
dened θ0 and τ0 irreducible characters of K0 and L0 (respectively). Now,
we have that CK/LA = CK/LH = CK/LJ = CK/LB. Also, since K/L
and K0/L0 are A-isomorphic, we see that CK0/L0A = CK0/L0B. SinceA; K0 = 1 and L0 ⊆ ZG, by coprime action we deduce that
CK0A = CK0B:
Now, τ0 is A-invariant (because L0 ⊆ ZG) and θ0 is B-invariant (since θ
is). Since CK0A = CK0B, it follows by Lemma 2.4 that θ0 is A-invariant.
Thus θ = θ0 × λ is invariant in LA = H. This proves the rst part of the
theorem. Now, since K/Z and L/Z are pi ′-groups and G/K and H/L are
pi-groups, there exist extensions θˆ ∈ IBrG and τˆ ∈ IBrH of θ0 × 1Z
and τ0 × 1Z (respectively) by Theorem 8.13 of [6]. Now, by Corollary 8.20
of [6], we have that β 7→ βθˆ is a bijection IBrG/K0 → IBrG  θ0 and
β 7→ βHτˆ is a bijection IBrG/K0 → IBrH  τ0. (Of course, we are using
that restriction denes a bijection IBrG/K0 → IBrH/L0.) Thus there
is a bijection
∗x IBrG  θ0 → IBrH  τ0
such that
ζ1
θ1 =
ζ∗1
τ1
for all ζ ∈ IBrG  θ0. Now, the theorem follows because βθˆ lies over θ if
and only if βA lies over λ if and only if βHτˆ lies over τ.
Theorem A of the Introduction easily follows from the next result.
(3.4) Theorem. Suppose that G is p-solvable and q-solvable. Let P ∈
SylpG and Q ∈ SylqG be such that PQ = QP . Then NGQ ⊆ NGP
if and only if every irreducible p-Brauer character of G of q′-degree has p′-
degree.
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Proof. We argue by induction on G. Let pi = p; q so that G is pi-
separable. Let M = Opi ′ G. Let ϕ ∈ IBrG and let θ ∈ IBrM be under
ϕ. By Theorem 8.30 of [6], we have that ϕ1
θ1 divides G xM, and we deduce
that ϕ has p′-degree (or q′-degree) if and only if θ has p′-degree (or q′-
degree). Since NMQ ⊆ NMP if and only if NGQ ⊆ NGP, by Lemma
2.1, arguing by induction, we may assume that M = G.
Let K = OpiG and let L = Opi ′ K. Let H = PQL. Note that we
may assume that H < G, since otherwise G is a pi-group and the theorem
is true in this case by Lemma 3.1. Now, by Theorem 3.2, we have that
NGQL ⊆ NGPL if and only if every irreducible p-Brauer character of
G/L of q′-degree has p′-degree. Hence, in either direction, we have that
NGQL ⊆ NGPL. By the remark after the proof of Theorem 3.2, we
also have that CK/LQL = CK/LH. Assuming this, we prove that every
irreducible p-Brauer character of G of q′-degree has p′-degree if and only
if every irreducible p-Brauer character of H of q′-degree has p′-degree.
Assume that every irreducible p-Brauer character of G of q′-degree has
p′-degree. Let η ∈ IBrH be of q′-degree. Let τ ∈ IBrL under η. If I
is the inertia group of τ in H, by the Clifford correspondence (and using
that η1 is not divisible by q) we have that I contains a Sylow q-subgroup
of H. Hence, by replacing τ by some H-conjugate, we may assume that τ
is Q-invariant. By Lemma 2.5(a), let θ ∈ IBrK be a Q-invariant character
over τ. By Theorem 3.3 (with J = QL), there exists ϕ ∈ IBrG  θ such
that
ϕ1
θ1 =
η1
τ1 :
Now, θ1
τ1 divides K x L (by Theorem 8.30 of [6]), and hence p and q do
not divide θ1
τ1 . Now,
ϕ1 = η1θ1
τ1
is not divisible by q. Therefore, by hypothesis, ϕ1 is not divisible by p,
and we conclude that η1 is not divisible by p. The other direction follows
from a similar argument.
Assume now that NGQ ⊆ NGP. Then NHQ ⊆ NHP and, arguing
by induction, we have that every irreducible Brauer character of H of q′-
degree has p′-degree. By the previous paragraph, the same happens with
G. Conversely, suppose that every irreducible Brauer character of G of q′-
degree has p′-degree. Then the same happens with H and, by induction,
we have that NHQ ⊆ NHP. Since NGQL ⊆ NGPL, we obtain that
NGQ ⊆ NGP by Lemma 2.2. This proves the theorem.
Next is Corollary B from the Introduction.
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(3.5) Corollary. Suppose that G is a nite p; q-solvable group, and
let Q ∈ SylqG and P ∈ SylpG. Then the condition that NGQ is con-
tained in some G-conjugate of NGP can be read from the character table
of G.
Proof. By Higman’s Theorem 8.21 of [2], we know in the character ta-
ble which are the conjugacy classes of p-regular elements. Since G is p-
solvable, by the FongSwan Theorem ((10.1 of [6]) we have that IBrG =
χ0  χ ∈ IrrG and χ0 is not of the form α0 + β0 for characters α;β
of G is determined by the character table of G. Now, by Theorem 3.4,
we only have to check whether or not every ϕ ∈ IBrG of q′-degree has
p′-degree.
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